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We examine the solution of the integral equations for the problem of the
steady flow of a conducting fluid in a rectangular pipe with two non-
conducting walls and two conducting walls, the latter in planes parallel
to the outside magnetic field. Also, we give a new form of the solution

of Shercliff’s [1] problem of flow in a pipe with non-conducting walls.
The actual solutions given are valid, in particular, also for large values
of Hartmann number.

1. We shall consider the steady flow of a conducting fluid in a pipe
of rectangular cross-section with two conducting walls in planes parallel
to the exterior magnetic field H®, the direction of which we take along
the x-axis.

The stated problem was already considered in [2], where it was assumed
that the velocity field and the electric and magnetic fields in a fluid
do not depend on the z-coordinate along the axis of the pipe, that the
pressure gradient dp/dz = P is constant over the length as well as the
cross-section of the pipe and that a current I per unit length of pipe
flows through the ideally conducting walls of the pipe.

The problem was reduced to the solution of the integral equation
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where K,(z) is the McDonald function, 1 and d are the lengths of the
sides of the rectangular cross-section of the pipe in the direction of
the field H° and perpendicular to it, respectively

Tm=2ml+z, m'=2ml—z, yn=2nd+y, y '’ =2nd—y (1.3)
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where ¢ is the velocity of light, o, u and n are the conductivity, mag-
netic permeability and viscosity of the fluid

If yd >> 1 and yl >> 1, then Equation (1.1) is replaced by the follow-
ing approximate equation®*:
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where
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T) (M =1l is the Hartmann number )
2. We write Equation (1.5) in the form

1
x@dg _

2.1)
where the following expression is obtained for y(z) [3]
- g
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Equation (2.2) is solved by the method of successive approximations

*

Compare the derivation of Equations (2.43) and (4.9) of [2]



108 G.A. Grinberg

As a first approximation {to which we confine ourselves here) we shall
take an approximation in which in Equation (1.5) the slowly varying
functions ®(z) and ¥(z), which enter as factors of the rather rapidly
varying functions e ~ 2K3 and e~ 2M(1=2)  ape replaced by their common
value*

1

x(C)d fx
S s S (1 == 4 = const (2.3)
0

for z = 0 and z =1, i.e. by their value at the points where the rapidly
decreasing eiponents have their maximum value, equal to unity. If we
neglect e as small with respect to unity**, then the function w(z)

becomes equal to
w(z) =1 (4 —1) (M2 }- e—2M (1-2) (2.4)

and y(z) may be found from Equation (2.2), where the constant A must be
determined from the condition y{(0) =

We assume that x{(z) = x;(z) + (4 = Lx,(2) + x3(2) 1. Also, we define
the functions x;(z) by the equations

1 1 1
(0 dg 0@, Ce@d
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When replacing in the second equation z by (1 -~ z) and { by (1 - {),
we see that

Sx: A=04dt __  oma-2 Ys () = 12 (1 % 2) (2.6)

Vie—t| or
Thus it remains to find the solutions of the first and second equa-
tions of (2.5). This may be accomplished with the help of Formula (2.2).
Omitting the quite lengthy calculations and transformations, we obtain

p— 1 ¢
Xlw)“”nvi[zu-¢@ya (2.7

* Since x(1 - z) = x(z2).

** Note that the chosen function w(:z) satisfies with the same accuracy
the relationship

1

resulting from Equation (2.1) for z = 0.
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where, again, in the last equation some of the terms of the order e
have been dropped.

For z = 0 the double integral of (2.8) becomes equal to

§ =t (60 — 80} (o)™ g L r(2\V2I(1+ 5y)
i)

3ge
while for z = 1 it becomes zero. The condition

%(0) = {¥1(2) + (4 — 1) %2 (2) + % (BN}, =
={1(@+ 4= @ + 01—, =

therefore gives upon elimination of the small quantities of order ¥~ 5/¢
the following equation A—1q— r (/o)

(2M)'/¢ V‘E (29)

In this manner, the final formula for y{z) with the assumed approxima-
tion has the form

—_ 1 (141 M) . 210
“( ) uVZ {[z - z)]’/l (ZM)'/‘ I () 7 (z) +F (1 z)]} ( )
Here
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Note that the inner integral of this equation is expressible in terms
of elliptic integrals of the first and second kind with modulus k=1/y2,

namely o

,’:" v2%dy VmB .
Qm‘"“ 2;/“{ F( 9, -) E(q;m,_ﬁ>+
+i"§u{%ﬁl/i+ ‘F (2.42)

where it is assumed that z > o and where the following notation has been
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introduced

B I _ m
Vi=¢ - (2.13)

For ¢ > z in (2.12) and (2.13) the places of z and ¢ must be inter-
changed. Equations (2.12) to (2.13) are valid for any v_ < 1, not only
for v, = [ (1 - 2)(1 - o)1 /4,

The validity of these equations is easily established, if we assume
in the resulting integral

(e—oP VA @ 9
v‘—( 435 )m_T:mmT

and write the obtained result in the following fore

— *m
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We use the relationship
a9 dg S - — L gin?
S!in’QA @) = SA(Q)"“ A (9) 4@ — oot QA (@) + const, A9 Vi 7 e

which iz easily verified by differentiation.

3. We shall now investigate the obtained solution. First of all we
note that the function F(z) is positive in the neighborhood of 2z = 0,
and then when z increases it changes sign and continues to be negative
up to the value z = 1, where it becomes zero. This follows directly from
Equation (2,11) if we notice that, because of the fast convergence of the
integral over ¢ contained therein the only noticeable contribution to
the value of F(z) is wade in the region in which o is of the order less
than O~ 1).

In view of this we may assume for z substantially greater than ¥~ !
in the inner integral of (2.11) that

V (z — 6)% + 4zovt =~z (3.1)

As a result we obtain
Tm

vdv = z)7s _ _ —
(S, Viz—op F 4za® 32 (om=[1—2)(1 —0)") (3.2)
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For the corresponding values of z this yields
o0

2<i-z)"*g - [3 Y v.] T e —2)™
F)m =L "2 N\ g—tf 2y fhlgp = T AWE—2) .
(2) 3z (2M)" ) “1z S (2M)7az'le (3-3)

Using this formula, we obtain from (2.10) an approximate expression
for x(z), valid in the middle part of the interval 0< z <1, i.e. at

distances from its limits which are appreciably greater than M~ !

1 1
n(E)= xV2{z(1 — )] {1 TanEs Z)} (3-4)
Hence it is seen that in this region for sufficiently large M the

function x(z) differs little from yx;(z). Because for such values of M
Equation (3.4) must be valid in the greater part of the interval (0 <

z < 1), in addition to the narrow zones immediately near z = 0 and z = 1
and because at the boundaries of these zones x(z) must become vary large,
it follows that a sharp increase of the function y(z) must take place in-
side these zones from the value it has on the outside boundaries of these
zones, namely zero for z = 0 or for z = 1.

The behavior of function x(z) in both these zones is the same (see
Equation (2.10), from which it is seen that x{1 - z) = x(z)). Therefore,
we shall investigate the behavior of y(z) only in the vicinity z = 0. In
Equations (2.10) and (2.11) we may assume

1—z=1, [(1—2(1—0o)"=1, FlA—2z=0
and rewrite the expression for x(z) as follows

ay2 2
(‘zM)"‘“z)N?ﬂ{i WA

et [3¢ — 202 de ( v2dy B
=T S P
e ; Vie—1)® + dutot

u=2Mz (3.9)

ow"eg

The single-parametric function w(z) may be tabulated* and, in parti-
cular the value u, = 2”;. may be found which corresponds to the maximum
of the function y(z), namely the value for which w(uy) = 0,

values of w{u) for several values of u are tabulated below.

i ==1.0 1.5 2.0 3.0 3.5 4.0

o(u)=0.798 0.868 0.872 0.840 0.794
Q(u)==0.825 0.849 0.840 0.792 0.766

* Using Pormulas (2.12) and (2.13) where it must be assumed that v, = 1,
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According to the calculations

u, =17, Qpay = ® () =~ 0.875

corresponding to these the function Y}(:z) has a maximum in the region near
the wall
(2M)y' ., 0.85
M

Xmax = X (2p) = 2YT Cmax ¥ 0.268M% for z, =531 =~

Note. For order of magnitude calculations it is useful to notice that
for the integral

A
vidy

Alu, t):§v(.g_~___.. (3.6)

— 1) + 4utvt

simple evaluations may be indicated at the upper and lower end, namely

i 1
Ta =AW, )25, for u>t>0 3.7

where the upper limit is reached for u = t, and the lower for t = 0. For
t > uv> 0 the places of u and ¢ in (3.7) must be interchanged.

The proof of the evaluations (3.7), and also of the related and more

general treatment of the integral
Um <1’

I = S iy

= 3.8
Vi — 1) + 4utot -8

directly follows from the imequalities

O Om
I = S vidw >I= S vidy
J Ve —1* 0% - qutet J V{u — 0F F dutvt
Im
S S vidy =1,
> e O ==
V(u —t)® + 4uto®

in which both limiting values of the integral may be computed and give
1 ~
11::@ Ve—07+4quw, 2 |u—1t|] (3.9)

1 .
lzms—,EIV(u-.z)2+4uw u—-t]] (3.10)

m -

In the case v, = 1, the relationships (3.7) are obtained, which show
that, for example, for u >t > 0

A, =800
u

where
1 o1
";( (¢, w) <5
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e. O(u, t) is a slowly variable function of u and t.

If we now assume that approximately

1
) — foru_>!
A(u,t):{au

=
_31[_ for O Cu <t

and substitute these values in the middle portion of the Equation (3.5),

then we obtain an approximate expression Q(u) of the function w(u) in
the form

Q(u):’,’;,T {1w17?%—/11—)[%§r1<t%—%t%)d[+§ e—tQJ/._%,!;) d,"}:
=u—““v.r2(3/4){P(%’“F%F(%'“>—%[F(%»u)—%1‘(%uﬂ} 3.1

where

%

u

r(n,u)zzge—%"_ldt

is an incomplete gamma® function. The values of the function {(u) for
0 < u< 3,5 are for comparison given in the table on page 111. The
maximum of {}(u), which is 0.849, occurs at u = U, = 1.5, To this cor-
responds in the given approximation the value

V2 Q(U,,) = 0.228 M forZ~9Al;

dex .V-—

From the given data it is seen, that the discrepancy between corre-
sponding values of w(z) and {}(u) does not exceed a few.percent. The cal-
culation of the values of the fumction w(u), however, requires consider-
ably larger expenditure of computing labor, than does the determination
of values of {(u) by means of Equation (3.12).

In conclusion of this section in the figure a comparison is given of
the results of the numerical solution of Equation (3.2) of [2] for a
Hartmann number ¥ = 10 with the results, obtainable for the same value
of M using the formulas (2.10), (2.11) and (3.4), (3.5). In the case of
numerical solution the following values of ( in the Formula (3.3) of
[2] were chosen: 0, 0.0125, 0.0375, 0.0825, 0.0875, 0.125, 0.175, 0.25,
0.35, 0.45 and the correspondingly located values in the other half of

* Tables of these functions exist. See, for example, [4,5].
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the interval. The corresponding values of x({) are represented in the
figure by the solid points.

The values of x({), obtained from  y -—F Sl

(2.10), (2.11) and (3.4), (3.5) are '\l\
represented by the circles through //

which the curve is drawn on the
figure, The results obtained by both
methods are in close agreement so
that, even in the case of this com-
paratively low Hartmann number ¥ =10,
the asymptotic form of the solution
(2.10), (2.11) may serve as a good Z
approximation to the exact solution
of the problem.

0.20

4. When the function y(z) is found, the solution of the problem amy
be considered essentially completed; indeed, the velocities of the flow
u and v, and also the second magnetic field H  are found from Equations
(2.34) and (2.35) of [2]. In these equations we must choose d = = and as
a result to eliminate G(¢, d, x, y), replace G(£, 0, x, y) by g(¢£, 0,

%, y) and take into account that

fo(8) = V2l 1 (+) (4.1)
As a result we obtain
l P (r—
u (.’E, ?J) [4nn z + (T a)) ==

;a{z‘?‘ﬂig@,o,awxﬁ) w8 gy M (21D},

sinh M

¢

o= —o P N 60y (F)endr e

’"‘hM:c/ sinbM (1 —x / 1)
—2 sinb M }

(4.3)

Without going into a detailed analysis of these formulas, we shall
note only that, in the case of large M, the integral terms in these
equations decrease very rapidly with distance from the wall y = 0. Indeed,
from Equation (2.42) of [2] it is seen that g{£, 0, z, y) is composed of
terms of the form
(—1~K0[—1V,I—V(2mlix—~§)2+y2] (m=0, +1, £2, ...

2n
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which for My/l >> 1 asymptotically approach the values

_‘.l.. ! __M_ « o 2 £ Ejmj:
2 ]/ZnMV(zmz:tx_g)z+y3 eXP( ; Vimli+z—E2+y )

so that, with increase of y, a rapid decrease occurs also in the func-
tions J, + cosh M(x — £)/1 and J_ % sinh M(x - £)/1.

On this basis a suitable quantitative evaluation with the purpose in
view may be made of the integral terms on the right sides of Equations
(4.2) and (4.3). Let us determine the distance y = y, from the left
electrode beyond which these terms may be neglected with a practically
sufficient degree of accuracy. In the case of flow in a rectangular
channel with sides ! and d it follows that for d > 2y, the function
fo(£) which satisfies Equation (1.1), does not differ practically from
fol£), given by Equation (4.1).

For cross-sections of these proportions the influence of the right and
the left electrodes on each other may be neglected. For d < 2y,, exclud-
ing very small values of d, the function (4.1) may serve as a first
approximation in finding f,(£).

5. In conclusion we shall show how by using the conformably trans-
formed Green’s function, we may arrive at a new form for the solution of
Shercliff’s problem for the flow of a conducting fluid through the same
rectangular pipe where all walls are non-conductive,

Using the same basic equations as in Sections 1 and 2 of [2], and re-
placing only the boundary conditions (2.1) and (2.2) of [2] by the
following

Hzixzosz lemt ZHz {yz:o:Hz ly=a=0 (5.1)

we reduce the problem to the solution of Equations (2.12) of [3] for the
boundary conditions

8 xx=o = — Be-‘:a, s ‘x=l — geve (5 2)
Sloo = Slyma = —B(1 = Z)er (3= 22)

t lx=o = - [eve, tlle = [e-Ye 21 55
Lly—o = tly=a = — B(1 i _fg_) PGl

i.e. for boundary conditions of the first kind. Using the Green’s func-
tion G(£, 7, %, y) for Equation (2.14) of [2], the function vanishes on
the sides of the rectangle. It has the form
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CEM =g 2 X KGVEm—EF F o) —
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(the notation here is the same as in (2.15 I), (2.16 I)). We find the
value of s at any point inside the rectangle according to the equation

4 1
§ == S{S IE'—"IGEI (li le .'L', y)— 8530 G;. (0’ TI9 35»3/)} d"] “}“S s |11=0 [Gﬂl (E) O’ .’L’, y) i
o o b

d d
— G,/ &, d,z,9)]dE = B{e*“ S Ge' (I, m, @, y)dn 4@ SGE ©,m, z, y)dn +
Q

0

{
1 . 5
+ 5 E— et 16y @, 0,2, 9)— 65 dyiat)  65.5)
0

and correspondingly for t. Thereupon u and v are obtained from the rela-
tions

w= g (P g) = glev e s ere=at] v = L (p—q) = § [eEm s — Y]

This form of the solution is particularly convenient in the case of
large M.

All calculations for the numerical data and for the figure, were
carried out by K.A, Aristova, T.A. Chernova and N.V. Koroleva, to whom
the author expresses his thanks.

BIBLIOGRAPHY

1. Shercliff, I.A., Steady motionm of conducting fluids in pipes under
transverse magnetic fields. Proc. of the Cambr. Phil. Soc. No. 1,
49, 1953.

2. Grinberg, G.A., Ob ustanovivshemsia techerii provodiashchei zhid-
kosti v priamougol’noi trube s dvumia neprovodiashchimi stenkami i
dvumia provodiashchimi, parallel’nymi vneshnemu magnitnomu poliu
(On steady flow of a conducting fluid in a rectangular tube with
two non~conducting walls and two conducting ones parallel to an
external magnetic field). PMM Vol. 25, No. 6, 1961.



Some types of flow of a conducting fluid 117

3. Akhiezer, N.I. and Shcherbina, V.A., Ob obrashchenii nekotorykh sin-
guliarnykh integralov (On the conversion of some singular inte-
grals). Zapiski matem. otd. fiz.-matem. fak-ta Khar’kovskogo un-ta
im. A.M. Gor’kogo i Khar’kovskogo matem. ob-va Ser. 4, Vol. 25,
1957.

4. Slutskii, E.E., Tablitsy dlia vychisleniia nepolnoi I'-funktsii i
funktsii veroiatnosti x2 (Tables for Calculation of Incomplete I'-
Function and Probability Function x°). Izd-vo Akad. Nauk SSSR,
1950.

5. Pearson, K., Tables of the Incomplete ['-Function. Printed by the
Cambridge University Press and published by the Office of Bio-
metrika, Re-issue, 1951.

Translated by J.R. W,



